Abstract. In this paper we focus on the global-in-time existence and the pointwise estimates of solutions to the Cauchy problem for the semilinear dissipative wave equation in multi-dimensions. By using the method of Green function combined with the energy estimates, we obtain the pointwise estimates of the solution.
Introduction
In this paper we study the pointwise estimates of the solution u(x, t) to the Cauchy problem for the semilinear dissipative wave equation in multidimensions,    ( + ∂ t )u(x, t) = f (u), x ∈ R n , t > 0, (u, ∂ t )u(x, 0) = ε 0 (u 0 , u 1 )(x), x ∈ R n , There have been many results on the equation (1.1) and its variants corresponding to the different forms of f (u). By employing the weighted L 2 energy method and the explicit formula of solutions, Ikehata, Nishihara and Zhao [8] obtained that the behavior of solutions to (1.1) as t → ∞ is expected to be same as that for the corresponding heat equation, Nishihara [15] studied the global asymptotic behaviors in three and four dimensions, and Nishihara and Zhao [18] obtained the decay properties of solutions to the Cauchy problem (1.1). Kawashima, Nakao and Ono [10] studied the decay property of solutions to (1.1) by using the energy method combined with L p − L q estimates, and Ono [19] derived sharp decay rates in the subcritical case of solutions to (1.1) in unbounded domains in R N without the smallness condition on initial data. For the studies on the case f (u) = |u| θ u, see [4, 7, 9, 14, 16, 17] , for the studies on the case f (u) = |u| θ+1 , see [6, 13, 20, 21, 22, 24] , and for the studies on the global attractors, see [1, 11] and the references cited there.
The main purpose of this paper is to study the pointwise estimates of solutions for (1.1). We first obtain the global-in-time solutions by energy method combined with the fixed point theorem of Banach, and then the pointwise decay estimates of the solutions by using the method of Green function combined with Fourier analysis. The following is the main theorem in this paper. 
is the maximal integer which is not greater than x, and for any multi-indexes α, |α| < s − n 2
, there exists some
−r , then for any nonnegative integer h satisfying |α| + 2h < n, the solution to equation (1.1) has the following estimate, 
In particular, we use W m, 2 = H m , · = · L 2 and · m = · H m . The rest of the paper is arranged as follows. In section 2, we give estimates on the Green function by Fourier analysis which will be used in section 3 and 4. In section 3 we give the global-in-time existence of classical solutions. In section 4, we obtain the pointwise estimates of solutions.
Estimates on Green function
In order to study the semilinear dissipative wave equation, we start with the Green function or the fundamental solution to the corresponding linear dissipative wave equation to (1.1), which satisfies
By Fourier transform we get that,
The symbol of the operator for equation (1.1) is
2) τ and ξ correspond to ∂ ∂t
, and
It is easy to see that the eigenvalues of (2.2) are τ = µ ± (ξ) = 1 2
(−1 ± 1 − 4|ξ| 2 ). By direct calculation we have that
For convenience we decomposeĜ(ξ, t) =Ĝ
be the smooth cut-off functions, where ε and R are any fixed positive numbers satisfying 2ε < R − 1.
Set
We are going to study G ± i (x, t), which is the inverse Fourier transform corresponding toĜ
) −N . First we give two propositions regarding to G 1 (x, t) and G 2 (x, t), the proof can be seen in [12, 23] .
Proposition 2.1 For sufficiently small ε, there exists constant C > 0, and N > n such that 
Next we will come to consider G 3 (x, t). Now we list some lemmas which are useful in dealing with the higher frequency part.
, and constant C 0 such that
with ε 1 being sufficiently small.
Lemma 2.4
For any N > 0, τ ≥ 0, and multi-indexes α, we have that
The proof of Lemma 2.3 and Lemma 2.4 can be seen in [23] .
The following Kirchhoff formulas can be seen in [3, 5] .
Lemma 2.5 Assume that w(x, t) is the fundamental solution of the following wave equation with c = 1,
There are constants a α , b α depending only on the spatial dimension
for odd n, and
for even n. Here dS z denotes surface measure on the unit sphere in R n .
Lemma 2.6
Assume that h ∈ C ∞ (R n ), and for any multi-indexes α ∈ Z + n ,
The proof of Lemma 2.6 can be seen in [12] . By Lemma 2.4, Lemma 2.5, and Lemma 2.6, we have the following lemma.
then we have that
where w is the fundamental solution of the wave equation as in Lemma 2.5.
By denoting λ η = √ η − 4 and then taking the Taylor expansion for λ η in η, we have that
Since
we have that, when ξ is sufficiently large,
This implies that
where
By a direct and a little tedious calculation we get that,
In the following we denote q
It is easy to get that, for any multi-indexes β, |β| ≥ 1, 
], we have that
The proof of Proposition 2.9 can be seen in [12] . By Proposition 2.1, Proposition 2.2 and Proposition 2.9, we have the following proposition on the Green function.
Proposition 2.10
where N > n can be big enough.
3 The global existence of solution By Duhamel's principle, the solution to (1.1) can be expressed as following,
By using the fixed point theorem of Banach and standard argument, we can obtain the theorem about the local-in-time existence of solution. 
Now we come to make a priori estimates. Assume
where s > n is an integer.
By multiplying (1.1) 1 with u t and integrating on R n × (0, t) with respect to (x, t), we get x u t and integrating on R n × (0, t) with respect to (x, t), we get
By taking sum, it yields that
By multiplying (1.1) 1 with u and integrating on R n × (0, t) with respect to (x, t), we get x u and integrating on R n × (0, t) with respect to (x, t), we get
(3.6) (3.3), (3.4), (3.5) and (3.6) yields that
We shall prove that the following estimate holds for any h ∈ [1, s].
It is obvious that (3.8) holds as h = 1 from (3.7). By induction and from (1.1), we have for k ≥ 1,
where a 2k , a 2k+1 , b 2k , b 2k+1 are constants,
Let t = 0, we have for k ≥ 1,
u and integrating on R n × (0, t) with respect to (x, t), in view of (3.8), (3.9) and (3.10) we get
(3.8) and (3.11) yields that 
Pointwise estimates
We denote the solution to the corresponding linear dissipative wave equation asū, thenū
From Theorem 2.1 in [12] , we know that for any multi-index α and nonnegative integer h satisfying |α| + h < s − n, the following estimate holds if the initial data satisfy certain decay condition,
We denoteũ
then the solution u to (1.1) can be expressed as: u =ū −ũ. In order to give the pointwise estimate to u, what we need to do is to give the pointwise estimate toũ.
First we give some lemmas which will be used later.
Lemma 4.1 Assume n ≥ 1, then the following inequalities hold, (1) . If τ ∈ [0, t], and A 2 ≥ t, then
then we have that,
.
proof.
(1). By using Lemma (2.4) 1 ,
(2). By Hölder inequality and Lemma (2.4) 2 ,
Thus we complete the lemma. Now we come to make estimates toũ(x, t) under the assumption that s ≥ 2n and θ ≥ 2 + [
and
In
Next we estimate I i (i = 1, 2, 3, 4, 5, 6) respectively by using Proposition 2.10. First we estimate I 5 in two cases. Case 1. |x| 2 ≥ t. By using Lemma 4.1 (1), we have
Case 2. |x| 2 < t. By using Lemma 4.1 (2), we have
Combining the two cases, we have that
Next we estimate I 2 and I 4 .
Now we estimate I 5 in two cases. Case 1. |x| 2 ≥ t. By using Lemma 4.1 (1), we have
Noticing that (1 +
) −1 , if |x − y| ≤ 2ε 1 . By using Lemma 2.5, Lemma 2.8, Lemma 4.2 and Sobolev imbedding theorem, we have
R n e ) −r = CM θ (t)(ϕ α,h (x, t)) −1 .
By the similar estimate to I 3 , we get that
Thus we have that
tũ (x, t)| ≤ C(M θ (t) + +M θ+1 (t))(ϕ α,h (x, t)) −1 .
It yields that, So we get M(t) ≤ C(ε 0 + M θ (t) + M θ+1 (t)).
Since ε 0 is sufficiently small and θ ≥ 2, by continuity we have M(t) ≤ Cε 0 . It yields that B r (|x|, t).
Thus we obtain the following pointwise estimate. (1 + |x|
As a corollary we have 
